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(see also: article on the Schawlow—Townes linewidth in the Encyclopedia of Laser Physics
and Technology)

1 History
Original paper: A. L. Schawlow and C. H. Townes, “Infrared and optical masers”, Phys. Rev.
112 (6), 1940 (1958):
e Basic proposal for building lasers (optical masers)
e Estimate of linewidth in analogy to linewidth of masers. The latter is limited by thermal
fluctuations; Schawlow and Townes basically replaced k,T with hv in the linewidth
equation. The result is

7 hv (Av, )2 )

A Vlaser =

out

where Av, is the full width of the resonances of the laser resonator and P, is the laser
output power. (They had an additional factor of 4, but used the half width for Av,.) Note

that this holds only if there are no parasitic resonator losses (see section 3).
As the derivation by Schawlow and Townes largely builds on previous results, which are not

well available, it is desirable to have a more comprehensive and complete derivation, which
can also generalize the results.
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2 Physical Interpretation
The basic physical process which limits the linewidth is spontaneous emission into the laser
mode:

e In each round-trip, some noise amplitude is added to the circulating field. This changes
both amplitude (power) and phase of the field.

e Amplitude fluctuations are damped: because of gain saturation, the power must always
return to values close to the steady-state power.

e For phase fluctuations, there is no restoring force. Therefore, the phase undergoes a
random walk. This leads to a phase noise power spectral density S (f)oc f 2, which

causes a finite linewidth.
Remarks:

e Depending on the type of semiclassical picture used, there can also be fluctuations
associated with the resonator losses.

e Eq. (1) holds only for four-level single-frequency lasers without amplitude/phase
coupling and with negligible other noise sources (such as mirror vibrations).

e Most lasers operate far above the Schawlow-Townes limit, as there are additional
technical noise sources.

e For semiconductor lasers, a factor (1+ az) (with « being the linewidth enhancement

factor of the gain medium) must be added. This is due to amplitude/phase coupling in the
semiconductor: changes of gain are accompanied by changes of refractive index.

3 Derivation of Linewidth Formula

In the following, | give a derivation which does not build on early linewidth formulas for
(thermally limited) masers, but rather on formulae for quantum noise which I have also used
for numerical simulations of timing jitter of mode-locked lasers.

Assume a four-level single-frequency laser without amplitude/phase coupling. The output
coupler transmission is T, , and there can be additional (parasitic) resonator losses | ., so that

par !

the total resonator losses per round trip are 1, =T, +1 . . On average, the gain must balance

tot

the losses: g =1,,.

We describe the circulating field with a complex amplitude A, normalized so that the
intracavity power is P,, =|A".

During each resonator round-trip, the gain medium adds a fluctuating amplitude oA where
each quadrature component has the variance

, hv

o =
4.T,

g (2)

(according to some basic results of quantum optics) with T, being the round-trip time.
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This means that the phase changes by
oA,
op=—— 3
0= ©)

where 5 A, is the quadrature component perpendicular to A in the complex plane.

The resonator losses contribute another noise amplitude with the same variance (and with no
correlation to the fluctuation induced by the gain), because g =1

tot *
Therefore, in total the variance of the phase is increased by
) hy hv hv

+ I = 4
4 4'Trt |A|2 g 4Trt |A|2 tot 2Trt 'Pint tot ( )

per round-trip. (We have used the average value of the intracavity power in the dominator,
which is a good approximation.)

Therefore, the phase variance grows with time according to

020 = (00~ () )= 5y =y ©

_Z'Trt'Pint tOtﬁzz'-rrtz'l:)int
It can be shown that a random-walk process with the variance
0§(t)=27r(~3 t, (6)

corresponds to a power spectral density of the phase noise of

C
S!ﬂ (a)) = a)_ ) (7)
and this results in the linewidth
Av=C (8)
of the field. From this, we obtain the laser linewidth
2
t
AV|aser — O-(P( ) — hV itot — hV ItgtTOC . (9)
2zt 4xT; P, 4nT; P,
so that
hvl T
AV — tot " oc ) 10
laser 471_ Tz P ( )

Although eq. (10) appears to be most practical, for comparison with eg. (1) we relate the
resonator losses to the FWHM resonator bandwidth:

Ly oLl

Av,=—Aw, =
2r 2 T,

(11)

If there are no parasitic losses, so that |, =T, this leads to eq. (1). We thus see that the
result of the derivation is consistent with the Schawlow-Townes result.
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Another useful result is that the coherence time is

— 1 I:)OLI'( . (12)

T AV, 7hy (Av,)

Z-coh

This can be used to calculate the autocorrelation of the field:

T

(K (®)A©0) =P, exp(—ﬂ] . (13)

4 Extensions

4.1 Three-level Laser

In a three-level laser, there is reabsorption from the ground state population. To obtain the
same effective gain, we need a correspondingly higher upper-level population. As a
consequence, we get more noise from spontaneous emission and also noise from the
reabsorption.

We can describe the gain as

g=0, - Ireabs (14)
where |, is the reabsorption loss in the lasing state and g, the gain which we would have
for this inversion if there were no reabsorption.

Compared with the situation in a four-level laser with the same gain, the noise contribution is
increased by the “spontaneous emission factor”

— gO +(Itot + Ireabs) — (g + Ireabs)+(g + Ireabs) :1+ Ireabs ] (15)

g+l 29 g

(Note that the total resonator losses |

sp

do not include the reabsorption loss.)

tot

For example, we have n_ =2 if |
without the reabsorption effect.

Note that I, is smaller than the unpumped reabsorption loss |, ,, because the ground state
population of the laser-active ions is reduced. It can be calculated from

_ Nl | 1 I Ntoto-em -9 /L =1 Oem—9 / LNtot (16)
reabs ~ N reabs,0 ~ “reabs,0
tot O-em + Gabs O-em + O-abs

=g=1I,, so that g, gets twice as high as it would be

reabs

reabs

reabs,0 = N
tot

where N, is the ground state population density and N, is the doping density.

tot

If we call the fully inverted gain g, = N0, L, this results in

tot

= 1- g / gfi (17)

reabs ~— 'reabs,0 .
1+o0,./0,,

4.2 Laser with Amplitude/Phase Coupling

Particularly from semiconductor lasers it is known that a change of intensity gain coefficient
g is related to a change of phase via the linewidth enhancement factor « :
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Ap=-"Ag (18)

This leads to a coupling of amplitude and phase fluctuations. In effect, the power spectral
density of the phase fluctuations in a single-frequency laser is increased by the factor 1+«
(see e.g. C. H. Henry, IEEE J. Quantum Electron. 18 (2), 259 (1982)). The linewidth is
increased by the same factor and becomes

hv L+a®) 1, T,
AVlaser = 47Z'T2 Pt : . (19)
rt

out

Note that solid-state lasers can also have a significant linewidth enhancement factor, e.g.
when the gain line is asymmetric or it is a quasi-three-level system.

In the following, | give a new derivation of this result, because | find Henry’s derivation
somewhat unclear. The basic idea of my derivation is:

e Quantum noise from spontaneous emission and losses leads to fluctuations of optical
power.

e For low noise frequencies, the gain directly follows fluctuations of the optical power. | do
not directly base the argument on gain saturation, but rather consider the addition of
fluctuations to the field as a kind of gain, which (for low frequencies) must be
compensated by opposite changes of the laser gain.

e White noise in the field fluctuations leads to white noise of the gain, consequently to f
noise in the optical phase, from which I calculate the contribution to the linewidth.

Now the details. Any fluctuation 5A in the amplitude quadrature amounts to a change

(20)

int int

oP :2A5A:(L5AJP

int

of the intracavity optical power. Written in this way, one can consider the addition of the
fluctuation amplitude as a kind of gain, which for low frequencies must be compensated by
the opposite change of the laser gain, caused by gain saturation:

0g = 2 oA (21)

The optical amplitudes have white noise with the two-sided power spectral density
hv
SgA(f)=79 (22)

it the effects of quantum fluctuations from gain medium and losses are added. Therefore, we
have

4 2hv
Ség(f):?me‘A(f):Kg, (23)
which indicates white noise in the gain. For the instantaneous optical frequency v, and the

optical phase ¢ we have the dynamical equation
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d a
270V, =—@p=—>3730, 24
OV =5 ® o) 49 (24)
because the optical phase changes by « 6g/2 per round trip. From this we obtain the power

spectral density

a? a’hvg
S f)=———S = 25
v,opt( ) 16 2T2 ()g( ) 8 Tn Pmt ( )
of the optical frequency and
a‘hvg
S,(f)=S,, (f)/ 2= B (26)
! " 8 2Trt I:)lnt

of the optical phase, from which we obtain the contribution to the linewidth in the same way
as in section 3 as

a’hvg  a’hvg _ hv 1, T..
87°T7R, 4zT. P Ar TSP

rt ©int int out

Av =2r (27)

Finally, one has to add this contribution to that one of the direct influence of quantum noise
on the phase fluctuations, since both fluctuations are from different quadrature components

and thus statistically independent. In total, one obtains

Av =21

oa’hvg  a’hvyg —(1+a ) hv 1, T, (28)

87z2Tn2F’mt 4z T2 P 4z T P

int out

which is consistent with Henry’s result.
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